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Continuous Random Variables

A Random Variable is an object whose value is determined by
chance, i.e. random events

Probability that the random variable X adopts a particular value x:

p€[0,1] X: discrete
P(X=x)=+

0 X : continuous




Continuous Random Variables

Continuous Uniform Distribution: X ~U(a,b)

(b-a)' x€EJa,b]

Probability Density Function: Jfy(X) =1
0 x & [a,b]

(b-a)"

fx(x)




Continuous Random Variables

Example: X ~U(0,1)

fx(x)

P(X €[0,1]) =1



Continuous Random Variables

Example: X ~U(0,1)

fx(x)

D=

P(X €[0,5])



Continuous Random Variables

Example: X ~U(0,1)

fx(x)

W[~

P(X €[0,4])



Continuous Random Variables

Example: X ~U(0,1)

fx(x)

P(X€E[0,5) =1



Continuous Random Variables

Example: X ~U(0,1)

fx(x)

P(X €10,55D =15



Continuous Random Variables

Example: X ~U(0,1)

P(XE[0,:D) =1

Lim P(X €[0,1])=0

n—>0

LimPO=sX=<1)=0

n—>o0

In general, for any continuous random variable X:

LimPO=X=<¢)=0

e—0

LimPla=sX=a+¢)=0

e—0



Continuous Random Variables

Pyx(x) X :discrete
P(X=Xx)=-
0 X : continuous

“Why do | observe a value if there’s no probability of observing it?!”

Answers:

Data are discrete
You don’t actually observe the value - precision error

Some value must occur... even though the probability of
observing any particular value is infinitely small



Continuous Random Variables

For a random variable: X:Q— A

The Cumulative Distribution Function (CDF) is defined as:

FX (x) = P(X = x) (discrete/continuous)

Properties: .
0.8
« Non-decreasing = 06
04 -
LimF,(x)=0 2

X—>—0 X 0.0 — : : | | |

2 1 0 1 2

LimF, (x) =1

X—>+00 X



Continuous Random Variables

Probability Density function:

Cumulative Distribution function:

Boxplot:
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Continuous Random Variables

Probability Density function:

Cumulative Distribution function:

Boxplot:
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Continuous Random Variables

Probability Density function:

Cumulative Distribution function:

Boxplot:
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Continuous Random Variables

Probability Density function:
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Continuous Random Variables

Probability Density function:
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Continuous Random Variables

Probability Density function:

Cumulative Distribution function:

Boxplot:
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Continuous Random Variables

Probability Density function:

Cumulative Distribution function:
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Continuous Random Variables

Probability Density function:

Cumulative Distribution function:

Boxplot:
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Continuous Random Variables

Probability Density function: x o0+

Cumulative Distribution function:

Boxplot:
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Continuous Random Variables

Cumulative Distribution Function (CDF):

Discrete: F,(x)=P(X=<x)= i Px(y)

y=—OO

Continuous:  F, (x)=P(X =<x)= ~?‘fx(y)dy

Probability Density Function (PDF):

Discrete: Py(x)=P(X =x) i Dy(x)=1

X=—00

Continuous: fX(x)=%FX(x) ffX(x)dx=1



Expectation and Variance

Motivational Example:

Experiment on Plant Growth (inbuilt R dataset)
- compares yields obtained under different conditions
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Expectation and Variance

Motivational Example:

Experiment on Plant Growth (inbuilt R dataset)
- compares yields obtained under different conditions

45 50 55 6.0

4.0

3.5

Control

Treatment 1

Treatment 2

Compare means to test for differences

Consider variance (and shape) of the
distributions - help choose
appropriate prior/protocol

Assess uncertainty of parameter
estimates - allow hypothesis testing



Expectation and Variance

Motivational Example:

Experiment on Plant Growth (inbuilt R dataset)
- compares yields obtained under different conditions

+

O

5.0

4.5

4.0

3.5

PR E—

Control Treatment 1 Treatment 2

Compare means to test for differences

Consider variance (and shape) of the
distributions - help choose
appropriate prior/protocol

Assess uncertainty of parameter
estimates - allow hypothesis testing

In order to do any of this, we need to know how to describe distributions

i.e. we need to know how to work with descriptive statistics



Expectation and Variance

Discrete RV: E(X)= Expx(x)
. 1 ¢
Sample (emplrlcal): E(X) = —Exl. (explicit weighting not required)
n

i=1

Continuous RV: E(X)= ffo(x)dx



Expectation and Variance

Normal Distribution:
0.3
3; 0.2
2 S
X~Nu,o0%) 0.1
0.0
| | | | |
) u-20 u-o u utc ut2o
_x_
e :
e 20

fX(x)= \/EO'



Expectation and Variance

Normal Distribution:

X ~N(u,0°)
1 _(x_/;)z
X)= e *°
0=

E(X)= [ xfy(x)dx =

fx(x)

0.3

0.2 —

0.1

0.0 -

u-20 u-o u utc ut2o



Expectation and Variance

Standard Cauchy Distribution:
(also called Lorentz) 0.3
X 02-
1 1 TR
fx(x) =

.7'L'1+X2 00+ —

E(X)= jxfx (x)dx = undefined



Expectation and Variance

Expectation of a function of random variables:
E(g(X)) = jg(X)fx(X)dx
Linearity:
E@X +f)= [ (e B)f, (o)

= aj xf, (x)dx + /3]o~ I (x)dx

=aE(X)+pf



Expectation and Variance

Variance: 04 5
0.3

fx(x)

0.2

Var(X) = E((X - M)Z)

- E((X-E(X))’) -

- E(X*)- E(X)’ * X ~NQO,I)

0.4

0.3

0.2

Fx(x)

01 =

0.0 -




Expectation and Variance

Variance: 04
0.3

fx(x)

0.2

Var(X) = E((X - M)Z)

- E((X-E(X))’) -

- E(X*)- E(X)’ * X ~NQO,I)
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0.0 -

Fxe(x)




Expectation and Variance

Variance:

Var(X) = E((X - M)z)

- E((X - E(X))z)

=E(X*)-E(X)’

fx(x)

Fxe(x)

0.4

0.3

0.2

0.9 —

0.0 -

* X ~N@O,1)
X ~ N(0.2)

0.4

0.3 —
0 = \x

0.1 \




Expectation and Variance

Variance:

Var(X) = E((X - ,,L)Z)

- E((X - E(X))2)

=E(X*)-E(X)’
Population Variance:
I < 2
(72 = ;E(Xi - M)
i=1

Unbiased Sample Variance:

e (=%

fx(x)

fx2(X)
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* X ~NO,1)
X ~ N0 2)
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0.1 - \
0.0 -




Expectation and Variance

Variance:

Var(X) = E(Xz) — E(X)2 Standard deviation (s.d.): /Var(X)

Non-linearity:

Var(aX +B)=E((aX +B)’)- E(aX + B)



Expectation and Variance

Variance:

Var(X) = E(Xz) — E(X)2 Standard deviation (s.d.): /Var(X)

Non-linearity:
Var(aX +B)=E((aX +B)’)- E(aX + B)

= E(och2 +2a/>’X+/32)—(OCE(X)+/?’)2



Expectation and Variance

Variance:

Var(X) = E(Xz) — E(X)2 Standard deviation (s.d.): /Var(X)

Non-linearity:
Var(aX +B)=E((aX +B)’)- E(aX + B)

= E(och2 +2a/>’X+/32)—(OCE(X)+/?’)2

(azE(Xz) +20BE(X)+ /32) - (oﬂE(X)2 +20BE(X)+ /32)



Expectation and Variance

Variance:

Var(X) = E(Xz) — E(X)2 Standard deviation (s.d.): /Var(X)

Non-linearity:
Var(aX +B)=E((aX +B)’)- E(aX + B)

= E(och2 +2a/>’X+/32)—(OCE(X)+/?’)2

=(a2E(X2) )—(azE(X)z

)



Expectation and Variance

Variance:

Var(X) = E(Xz) — E(X)2 Standard deviation (s.d.): /Var(X)

Non-linearity:
Var(aX +B)=E((aX +B)’)- E(aX + B)

= E(och2 +2a/>’X+/32)—(OCE(X)+/?’)2

=(a2E(X2) )—(azE(X)z
-’ (E(Xz) - E(X)z)
= a’Var(X)

)



Expectation and Variance

Often data are standardised/normalised

Z-score/value: /=—

Example:

X ~N(u,0°) fo(x)= e 20

1 -x*/2
ZNN(O,l) fZ(X)=\/Ee /




Shape descriptors
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Moments

Shape descriptors
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Moments

Shape descriptors
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Moments

Moments provide a description of the shape of a distribution

Raw moments

w, =E(X)=u : mean

u, =EX")

Central moments Standardised moments

0

E((X — M)z) =0’ :variance

E((X-p))

E((ﬂf) : skewness

(ﬂ)4) - kurtosis



Moments
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Moments

Moment generating function (MGF):

2 n
M. (1) = E(e")=1+EX)+ — E(X*)+...+ — E(X")+...
X 2! n!

Alternative representation of a probability distribution.

di’l

= E(X") =
u,=E(X") o

M, (0)



Moments

Moment generating function (MGF):

2 n
M. (1) = E(e")=1+EX)+ — E(X*)+...+ — E(X")+...
X 2! n!

Alternative representation of a probability distribution.

iy d’
u, =EX")=—»M,(0)
dt
Example:
X N N(M’Gz) — MX (t_) — et,u+%0'2t2

X ~ N(0,1) — M (1)=¢"



Moments

However, MGF only exists if E(X") exists
Mx(t) = E(eXt)
Characteristic function always exists:

Oy (1) = My (1) = M (it) = E(e™) = [ " f (x)dx

Related to the probability density function via Fourier transform

Example: X ~N(@©O,1) ¢, (t)=e""
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The Law of Large Numbers (LLN)

Motivational Example:

Experiment on Plant Growth (inbuilt R dataset)
- compare yields obtained under different conditions

— | « Want to estimate the population mean
| — 1 using the sample mean.

« How can we be sure that the
sample mean reliably estimates
i | the population mean?

o
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The Law of Large Numbers (LLN)

Does the sample mean reliably estimate the population mean?

The Law of Large Numbers:

7 1 c n—>0
X = _EXi —>U Providing X; : i.i.d.
o



The Law of Large Numbers (LLN)

Does the sample mean reliably estimate the population mean?

The Law of Large Numbers:

_ 1 .
Xn=—EXl. ——Uu Providing X; : i.i.d.
n i=1
1.0
0.8
X~U(,1)
>
u=0.5

0 100 200 300 400 500



The Central Limit Theorem (CLT)

Question - given a particular sample, thus known sample mean,
how reliable is the sample mean as an estimator of the population
mean?

Furthermore, how much will getting more data improve the
estimate of the population mean?

Related question - given that we want the estimate of the mean
to have a certain degree of reliability (i.e. sufficiently low S.E.),
how many observations do we need to collect?

The Central Limit Theorem helps answer these questions by
looking at the distribution of stochastic fluctuations about the
mean as n —> ®



The Central Limit Theorem (CLT)

The Central Limit Theorem states:

For large n: \/;(Xn — ,u) ~ N(0,0°)
2
Or equivalently: X o~ N(M,O—)
n

More formally: \/;(lEXZ —M)$N(O,02)
n i=1

Conditions:
E(X,)=u
Var(X,)=0" <
X, :i.i.d. RVs (any distribution)



The Central Limit Theorem (CLT)

The Central Limit Theorem states:

For large n: \/;(Xn —,u) ~N(0,07%) X ~ N(M,—
X~U®O,) u=05 o=},
x 0.4 — f’iﬂ‘

0 100 200 300 400 500

n



The Central Limit Theorem (CLT)

The Central Limit Theorem states:

2
For large n: \/;(Xn —,u) ~N(0,0%) X ~ N(M,O_)

X ~U(0,1) 05 o’°=Y,
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The Central Limit Theorem (CLT)

The Central Limit Theorem states:

2
For large n: \/;(Xn —,u) ~N(0,0%) X ~ N(M,O_)

X ~U(0,1) 05 o’°=Y,

=
|

[ o
©
[}
1.0 - =
(4}
£ 0.15 —
0.8 6
S
0.6 7 i 0.10 —
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0.4 - W 1:5
j 8 0.05 —
0.2 n
©
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| [ | [ | [ % | | [ | [ [
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n Index



The Central Limit Theorem (CLT)

Proof of the Central Limit Theorem:

171
M X —ul|l—-=N(,0°
\/ﬁ(nzl : M) (0,07)



The Central Limit Theorem (CLT)

Proof of the Central Limit Theorem:

171
M X —ul|l—-=N(,0°
\/ﬁ(nzl : M) (0,07)

%(ixz —”M)$N(O,Uz)



The Central Limit Theorem (CLT)

Proof of the Central Limit Theorem:

171
M X —ul|l—-=N(,0°
\/ﬁ(nzl : M) (0,07)

%(ixz —”M)$N(O,Uz)

1
on

EX,- - nu)%N(O,l)
i=1



The Central Limit Theorem (CLT)

Proof of the Central Limit Theorem:

171
M X —ul|l—-=N(,0°
\/ﬁ(nzl : M) (0,07)

%(ixz —”M)$N(O,Uz)

i=1
1
o\n

I .l 1) VRV
\/521( o ) NOD

EX,- - nu)%N(O,l)
i=1



The Central Limit Theorem (CLT)

Proof of the Central Limit Theorem:
\/;(lzxz _M)LN(O,O'%
n 4

—(EX nu)—>N(O o)

Q‘

EX nu)ﬁN(O 1)

af

\ (M)% N(0,1)
o



The Central Limit Theorem (CLT)

Proof of the Central Limit Theorem:

n Z .
i 4 5 N(,1)
20,



The Central Limit Theorem (CLT)

Proof of the Central Limit Theorem:

S%%N(o,n E(ei(ﬁ)f) _ E(e"z(ﬁ))

v, ) =0, (%)
;T’; ;Z,. n



The Central Limit Theorem (CLT)

Proof of the Central Limit Theorem:

S%%N(o,n E(ei(%)f) _ E(e"z(ﬁ))
®) =g, (—) E(" ™)) = E(e"™)E(e™)
DI VANE

1 i=

,_.

n

I



The Central Limit Theorem (CLT)

Proof of the Central Limit Theorem:

E_né N(0,1) E(ei(ﬁ)t) _ E(eiz(ﬁ))
) ot E(""")y = E(e"™)E(e™)
z 0=, (f )
T L)
| Pz \/;



The Central Limit Theorem (CLT)

Proof of the Central Limit Theorem:

E_né N(0,1) E(ei(ﬁ)t) _ E(eiz(ﬁ))
) ot E(""")y = E(e"™)E(e™)
z 0=, (f )
T L)
| Pz \/;



The Central Limit Theorem (CLT)

Proof of the Central Limit Theorem:

S%%N(o,n E(ei(%)f) _ E(e"z(ﬁ))
) ot E(""")y = E(e"™)E(e™)
z 0= z(f )

1 i=

,_.

n

¢" =Lim(1+f)

gpL) AN
a\Vn

_ (% (ﬁ) . (1 —;_;+ 0(%)) ——

= characteristic function of a N(0,1)



Summary

Considered how:

* Probability Density Functions (PDFs) and Cumulative
Distribution Functions (CDFs) are related, and how they differ
in the discrete and continuous cases

« Expectation is at the core of Statistical theory, and Moments
can be used to describe distributions

« The Central Limit Theorem identifies how/why the Normal
distribution is fundamental

The Normal distribution is also popular for other reasons:
« Maximum entropy distribution (given mean and variance)

* Intrinsically related to other distributions (¢, F, y?, Cauchy, ...)
« Also, it is easy to work with
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